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APPENDIX 1
THE LINKS BETWEEN FACTOR SUPPLY ELASTICITIES
IN THE LIFE CYCLE MODEL

by Peter Birch Sgrensen

This appendix shows how the compensated wage elasticity of saving and the interest elasticity of
labour supply are tied to the compensated wage elasticity of labour supply and how the
compensated and the uncompensated interest elasticities of saving are linked in the two-period life
cycle model with taxes and transfers. The appendix serves to document the results reported in 1V.1

in Sgrensen (2011) and we consistently follow the notation of that paper.

The compensated wage elasticity of saving

In this subsection we derive the relationship between the compensated wage elasticities of saving

and labour supply. Recalling that WEW(l—tW)/ P, it follows from (2) and (4) in Sgrensen (2011)

that the consumer’s first-period budget constraint may be written as

S=wL+B, /P-C, (A1)
from which we get
dS = Ldw+wdL+d (B,/P)-dC,. (A.2)
The standard Slutsky decomposition implies
adL,a a3

where a tilde superscript indicates a compensated effect. In case of a tax-induced compensated
change in the marginal after-tax real wage, we have assumed that the compensation takes the form
of a change in the first-period transfer B, / P of the magnitude

d(B,/P)=—Ldw. (A4)
This compensation will neutralize the income effect in the second term in (A.3), since B,/ P is
included in the present value of exogenous lifetime income, I. The consumer’s lifetime budget

constraint PC, + pPC, =W (1—tw) L+ B, + pB, may be written as



1 ¢
1+ p(1+ gc)’ J

Clzc(WL+E+pij, c &—1, (A.5)
P " P C,

where g°is the consumer’s optimal growth rate of consumption over the life cycle. If utility is
additively separable in consumption and labour supply, g° will be independent of L. Since B, is
kept constant, it then follows from (A.3) through (A.5) that

dC

dc, = C(LdW+ wdL +d (%)) =c(Ldw-+wdL — Ldw) = ow—— dw. (A.6)
W
Inserting (A.3), (A.4) and (A.6) into (A.2) and rearranging, we get
5VSV:(1—C)W—L8V5, S;E§ﬂ1 gWLE%ﬂ. (A7)
S ow S ow L

If we substitute (A.5) into (A.1) and use the resulting expression for S along with the definition of w

to derive an expression for (1-c)wL /S, we find from (A.7) that

: 1-t" i B, B,
_ b=, p=B A8
o [1—tW+bl—p(l_cC)ngW TR (A8)

Using the definition of c stated in (A.5) as well as the definition of p, equation (A.8) simplifies to

the expression for & stated in eq. (47) in Sgrensen (2011).

The compensated interest elasticity of labour supply
We now turn to the link between the compensated wage and interest elasticities of labour supply.
The symmetry properties of the Slutsky matrix imply that

ob_oC, _ dp_ Gp

T ow oL owlL (A9)
The consumer’s second-period budget constraint PC, = [1+ r(l—tr )J PS + B, implies
S=p(C,-B,/P), (A.10)
from which it follows that
% =p %, (A.11)

since we have assumed that consumers are compensated for a change in w via an adjustment of B,

rather than B, . Equations (A.7), (A.9) and (A.11) yield
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- 1-c)&t. A12
oL owL wL™ (A-c)a, (Al2)

The relative price of future consumption is p=1/(1+r") where r* =r(1-t"), so the change in p

caused by a change in the after-tax real interest rate is

g ___ 1 (A.13)

dr* (14r%)°

Using (A.12) and (A.13), we find the compensated net interest elasticity of labour supply to be

gr=dbr _dprdp dbp ) [T o)t (Ald)
o*L opLpd®* opL \1+r? 1+r?

which is identical to eq. (48) in Section IV.1 in Sgrensen (2011).

The compensated interest elasticity of saving

Let us finally show how the compensated interest elasticity of saving is related to the corresponding
uncompensated elasticity about which we have more empirical knowledge. In the main text we
assumed that consumers are compensated for a change in the relative price of future consumption
through an adjustment of the present value of pensions, pB,. According to eq. (9) in Sgrensen

(2011) the real value of the compensation is thus given by

o(PB,)1 _CE1

=C.. A.15
o P P ? (A15)
From (A.10), (A.13) and (A.15) it follows that
~ ) X (0B 5 .
oS :—( 1 j Cz_i+p%_M£ :(Lj &_p% —
or? 1+r? P op op P 1+r? P op
GSar_: r i pB,/P pC, oC, p _ (A16)
or* S \1+r S S op C,

From (A.10) we have pC, =S+ pB,/P. Inserting this into (A.16) and rearranging, we end up with

gs=6§ﬁ= re
R I

, . dC, p _ B,/P
J[b+g§ (1+b)], gf=—T2 1 b:(lfT)s’ (A.17)

where & is the compensated elasticity of saving with respect to the after-tax real interest rate, 5?2

is the compensated numerical own-price elasticity of demand for future consumption, and b is the



amount of old-age consumption financed by public pensions relative to the amount that is financed
by previous savings.

When the consumer is not compensated for a change in the after-tax real interest rate, it follows
from (A.10) and (A.13) that the effect on saving will be

S :_( 1 jz[Cz—Ew@J _ s [ ra J(p(BZ/P—CZ)_pCZGCZEJ N

ot s

or? 1+r® P op 1+r® S S op C,
gel s [eam)] s wm=-2 P (A
1+r ar* S op C,

I\CZ

where £° is the uncompensated net interest elasticity of saving, and &,

r

is the uncompensated
numerical own-price elasticity of demand for future consumption. We now wish to identify the link
between ¢° and £°. The Slutsky decomposition implies that

oC, _oC, 3 _ o
= , =

op  op ol P

o= b PG A
a c, |

AC, c
g, —as,

where & is the income elasticity of demand for future consumption. From (A.18) and (A.19) it

follows that
(l+ga )éf +1
SSZ :T—aglcz. (A20)
Inserting (A.20) into (A.17), we obtain
e =85+ r (1+b)(1-as). (A.21)
1+r?

It is convenient to rewrite (A.21) in terms of the parameters b, and b,. Using the definitions of g°,

b, and b,, we may write the consumer’s lifetime budget constraint (6) as
-1
PC, [(1+ 9°) + p} =WL (1-t"+h, + pb, ). (A.22)

Inserting (A.22) into the definition a= pPC, /(B,+ pB, ), we get

a= P (1_tw+b1+ prJ. (A23)
b, + pb,

From the definition of b we have



b= pBZ _ pBZ _ BZ

= = = . A.24
PS p(PC,-B,) PC,-B, ( )

Substituting (A.22) into (A.24), we find
4o U+ pb, (A.25)

1-t"+b —b, (1+ g°)_1 .
To get a feel for the likely magnitude of the income elasticity £, let us assume that the lifetime

utility function takes the additively separable form

IR T S S

= , (A.26)
1-y 1+d1l-y 1+p

where d is the utility discount rate, y is the coefficient of relative risk aversion and 7 denotes the

elasticity of the marginal disutility of work. Maximisation of (A.26) subject to consumer’s lifetime

budget constraint PC, + pPC, =W (1—tW) L+ B, + pB, can be shown to imply that

Uy
. ¢ [1+r°
C,=(1+g°)C,, g =(1+dj -1, (A.27)

L=w""C;7". (A.28)
These relationships reveal that, for an optimizing consumer, 1/ y is the elasticity of intertemporal

substitution and 1/# is the Frisch wage elasticity of labour supply. Inserting (A.27) and (A.28) into
the budget constraint (A.22), differentiating with respect to I, and using the definition of I as well as
the budget constraint itself, one finds after some manipulations that
1
C.
8| ‘= 2 n+ —tW '
1+ 7+ 7777)(b11+tpbz)

Equation (A.29) provides the useful information that £ must be strictly less than one. It also

(A.29)

allows a calibration of £, given existing tax and transfer rates and empirical estimates of the

elasticity of intertemporal substitution and the Frisch wage elasticity of labour supply. Using the
consumer’s lifetime budget constraint, the Slutsky equation (A.3) and the optimality conditions
(A.27) and (A.28), one can show that the compensated wage elasticity of labour supply, the Frisch
elasticity and the elasticity of intertemporal substitution are linked to each other by equation (51) in
Sgrensen (2011).



APPENDIX 2
THE TIMING OF CAPITAL INCOME
IN THE LIFE CYCLE MODEL

by Peter Birch Sgrensen

I. The problem

The paper by Sgrensen (2011) shows that in order to estimate the loss of lifetime welfare imposed
on a cohort of individuals when some tax rate goes up, one must calculate the present value of the
changes in the amounts of income from labour and capital earned by the cohort over its life cycle.
In that context one must account for the fact that the timing of capital income and labour income
differs over the life cycle. Sgrensen (2011) develops a measure of the marginal deadweight loss
from taxation in which this difference in the timing of income is captured by a single parameter 6°
defined as

o = present value of capital income earned over the cohort's life cycle
present value of labour income earned over the cohort's life cycle

1)

where the present value is calculated at the beginning of the cohort’s active career, i.e., at the time
when its members enter the labour market.
The purpose of this note is to derive a formula for the parameter 6° based on the life cycle

model of consumption and labour supply.

I1.1. Theoretical framework: a multi-period life cycle model
Our theoretical framework is a standard multi-period life cycle model without bequests. We shall

use the following notation:



C, = consumption in year t

L, = labour supply (employment) in year t

W, = pre-tax wage rate in year t

t" = marginal labour income tax rate (constant over time)
W2 =W, (1—tW) = marginal after-tax wage rate in year t
B, = government transfer received in year t

P = consumer price index (constant over time)
r = pre-tax real interest rate (constant over time)

r* = after-tax real interest rate (constant over time)
d = utility discount rate (constant over time)

The representative consumer maximises a lifetime utility function of the additive form

u Y : =0 for t=n,n+1....,T, 2
subject to the lifetime budget constraint

i PC, WL (1-t")+B
t:0(1+l’a)t t=0 (1+I‘a)t

3)

The per-period utility function u (Ct) is assumed to be concave and the disutility-of-work function

v(Ll) is taken to be convex. As indicated in (2), the (adult) consumer is active in the labour market

until the start of age n when he retires. The length of the adult life is T+1 years and T +1—n is the

number of years spent in retirement.

I1.2. Solving the consumer’s problem

To solve the consumer’s problem, we form the Lagrangian

—Z(de[u “hv(k)]-2 i(m) ZZOWLt((;:)%BI - L=0fort=n...T.

where A is the Lagrange multiplier associated with the lifetime budget constraint. The first-order

conditions for an optimal path of consumption are



u'(c,) __ 2P
(1+d) (1+ ra)
u'(C,) 4P 4)

(1+d)" (1+ rf")T '

From these conditions we obtain the well-known Euler equation

. 1+r%)
For concreteness, let us assume that preferences display constant relative risk aversion so that
cr
u(C,)=—", >0. 6
( t) 1-y Y (6)

This specification implies that the intertemporal elasticity of substitution in consumption is given by
1/y. From (5) and (6) we obtain

1y
. ¢ [1+r?
S .

1+d
where g°is the annual growth rate of real consumption which is assumed to satisfy the restriction
g-<r?,

The first-order conditions for an optimal labour supply are



hv'(Ly ) = AW, (1-t"),

hv'(L) _ AW (1-t)
(1+d) (1+ rf")t
V(L) AW (2-17) (8)

(1+ d )t+1 (l+ ra >t+1

h..v I( Ln—l) AW, 4 (l_ t )

Led)™  (1er)”

From (8) we obtain the condition for an optimal intertemporal allocation of labour:

h‘V'(L‘):(llird ]#htﬂv'(gﬂ), t=0,..,n—2. )

Due to exogenous productivity growth, the producer real wage is assumed to grow at the constant

annual rate g" < r?, that is:
w t
W, =(1+9") W, (10)
Further, the proportionality factor h, in labour disutility function is taken to grow at the constant

annual rate g", reflecting that the value of the consumer’s non-market activities rises over time.

Setting h, =1 without loss of generality, we thus have

h=(1+g"). (12)
Equations (9) through (11) imply that

v'(L[):(l”aj(“gh jv'(Lm), t=0,..,n-2. (12)

1+d )\1+g"

. 1+r°\( 1+¢"
We will focus on the benchmark case where ( 1+ ; j(l * gw] =1. It then follows from (12) that
+ +9

labour supply is constant over the consumer’s labour market career, i.e.
L =L for t=1..n-1 LL=0 for t=n,..T. (13)

We now wish to derive an expression for the level of optimal consumption in period 0 as a
function of the lifetime resources available to the consumer. For this purpose we assume that

transfers are indexed to the average level of wage income in the economy such that B, /W,L, is

10



equal to a constant b" during the consumer’s working career and that B, /W,L, equals a constant b"

throughout his retirement period.® Inserting these restrictions as well as (7), (10) and (13) into (3),

we find that the lifetime budget constraint implies

2 T
PC,| 1+ 1 + ! ot 1
1+ p° 1+ )p° 1+ p°
2 n-1
:WOLO(l—tW+bW) 1+ 1 + ! Fort 1
1+ p" 14 p" 1+ p"

r 1 n 1 n+1 1 T
+bWOLOH1+ij +(1+,0Wj + e +(1+pWJ } (14)

S w_1+9
Cl4rt 7 P =1y

where p° and p" are growth-adjusted real interest rates which are positive because of our

assumptions that g° <r® and g" <r?. Using the general result that

m-+1

1-a

X=1+a+a’+..+a" = Ta (15)
we can rewrite (14) as
Pco=w:(1—tW+bW)HW+H'], (16)
o=— L _ Hvaw, ) . HT=bW,L, () )~ .
1+p°—(l+lpc) _1_(1+;W) 1_(l+;w)

The parameter @ is the initial propensity to consume wealth, H" is the present value of pre-tax

labour income, and H' is the present value of transfers received during retirement.

111.1 The present value of capital income earned during working age

Armed with the optimum conditions above, we can now derive the present value of the total capital
income earned over the representative consumer’s life cycle. We start by considering the capital
income earned while the consumer is active in the labour market. Since the life cycle is divided into

discrete time intervals (which we think of as years), we must be precise regarding the timing of

! Note that since transfers are linked to average wage income, the first-order conditions for optimal labour supply in (8)
were derived on the assumption that the representative individual consumer takes B, as given.

11



payments. The lifetime budget constraint underlying the consumption function (16) assumes that
wages are received and consumption expenditures are incurred at the beginning of each period,
whereas interest on the stock of wealth held at the start of the period is not received until the end of
the period. The savings undertaken at the start of year zero (when the consumer enters the labour

market) are thus given by
Sy =W, L, (1-t" +b")—PC,. (17)
At the end of year zero, the consumer receives an amount of pre-tax interest income equal to rS,.

Seen from the start of the year, this income has the present value

'S, r[WyL, (1-t"+b")~PC, |

R T1ert 1+r? (18)
Note that the relevant discount rate in (18) is the after-tax real interest rate r* determining the
consumer’s marginal rate of substitution between present and future consumption. After having
paid tax on his interest income, the wealth which the consumer can carry into year 1 is
Vy = (141%) S, = (14 1°) WL, (1-t" +b") =PC, |. (19)

In year 1 the consumer’s pre-tax wage income has grown to (l+ gW)WOL0 , and according to (7) his

consumption expenditure has increased to (1+ g°) PC,. The saving of non-capital income

undertaken at the start of year 1 is therefore equal to

S, =(1+9" )WL, (1-t" +b")—(1+g° ) PC,. (20)
At the end of year 1 the consumer receives interest on the wealth carried over from year zero, given
by (19), and on the new saving given by (20). Seen from the beginning of year zero, the present
value of the pre-tax capital income received at the end of year 1 is thus equal to

_r(Sl+V1)_ r g ") (14 g
Ri= (1+ra)2 _(1+ra)2|:(1 9 )WOLO(l t"+b ) (1 9 )Pco]

+#[WOLO(1—tW+bW)—PC0] =

Rlzm{WOLo(l—t +b ){1+1+pw}—PCO[1+1+pC}}, (21)

and from (19) and (20) the wealth carried into year 2 is

V, =(1+17)(S,+V,) =

12



V, =W, L, (1-t" +bw)[(l+ i) + (1410 (1 gW)}— PC, [(1+ r*) + (1410 (14 g)} 22)
Proceeding in a similar way, we find the new saving of non-capital income at the start of year 2 to
be

S, =(1+g") WL, (1-t" +b")~(1+g°) PC,, (23)
so from (22) and (23) the present value of capital income received at the end of year 2 is
r(s,+V,)
2= 3
(1+ ra)

2 2
R, = ——{W,L, (1t +b")| 1+ LI (- | -YOR P S (24)
1+r? 1+ p" 1+ p" 1+ p° \1+p°

and the wealth carried into year 3 is

V,=(1+1)(S,+V,) =
v, :WOLO(l—tW+bW)[(1+ra)3+(1+ra)z (1+gw)+(1+ra)(1+gwﬂ
=G, | (L+r) (L) (L gf) (Lo ) (1 °)' |

We can now see the pattern. Following the above procedure, one can show that the present value of

(25)

capital income earned during year t of the working career is

. 1 1Y 1Y 1Y)
R1=(ler )W Lo(l t"+b ){1+1+pw+[1+pwj +(1+pwj +""+(1+pwj}

: : t (26)
—( ]PC {1 1 +( ! j+( ! j+....+( 1 j}
1+r° 1+ p° 1+ )p° 1+ p° 1+ p°
where t <n-1, and that the wealth carried into the first year of the retirement stage (year n) is
V, =W, L, (1-t" +bw)[(1+ ) (1) (1 g")+ (L) (14 0") +..)
(..+(1+ra)2(1+gw)”‘2+(1+ra)(1+gw)”‘j
(27)

—PCO[(1+r) #(1r) (14 0°)+ (2

(__+(1+,-a)2(1+90) 1+r 1+g }

r )n 2(1+ g°)2+..)

13



Using the results in (18), (21), (24) and (26), we obtain the following expression for the total

present value of all of the consumer’s pre-tax capital income earned over his working career:

PVR" = ;J:RI ( ]WLO(l t"+b")

N 1
+(1+r jw Lo (1-t" +b )_1+1+pw}

2
+(LjWOLO(1—tW+bW) 1+ L + L
1+r° 1+ p" 1+ p"

2 n-1
—( ' ]Pc0 W gt I . (28)
1+r° 1+ p° \1+p° 1+ p°

Applyng formula (15) to (28), we find after some manipulations that

w 1 w
PVR :(Hmr]( J;)p jw Ly (1-t" +b")

_(1+rra j(%jwol_o (1-t"+b") %

1+p"

—( il )[1“’ ]PC [Lj(ijpc o) . (29)
1+r2 )l p° 1+ )\ po) °° 1_( 1 )

1+p°

Inserting the consumption function (16) into (29) and dividing by H", we obtain

14



PVRW:[ r j(l_tw+bw) L—iw
1-(2) #

Tl 1-(x )
.S b e Sl o

(i)

111.2 The present value of capital income earned during retirement
Consider next the capital income earned during retirement. During the first year of retirement where

the consumer has reached the age of n he receives a public retirement benefit (1+ gW) B, since

benefits are indexed to wages. The saving of non-capital income undertaken at the start of year n

(which may be negative) is therefore equal to
S, =(1+9") B,—(1+0°) PC,. (31)
The pre-tax capital income earned at the end of year nis r (S, +V, ). Using (27) and (31), we find

that this income has the following present value at the start of year 0:

R_r(Sn+Vn)_( r J( B,

= 1+ I’a 1+pw)n

" (1+ rf")n+l

2 n-1
T - WOLO(l—tW+bW) 1+ 1 + ! ot 1
1+r? 1+ p" \1+p" 1+ p"

2 n
—( ' jPC0 1+ 1 + 1 +.t 1 . (32)
1+r? 1+ p° 1+ )p° 1+ p°

From (27) and (31) it also follows that the wealth carried into year n+1 is

Vi =(1+17)(S, +V, ) =(1+r)(1+g") B,
AL (L") (L) o (L) (L g7 (1) (L g et (L) (L 0”)
—PC, [(l+ rf")n+1 +(1+ ra)n (1+9°)+(1+ r"")n_1 (1+ g°)2 ot (1) (14 g°)n}. (33)

At the beginning of year n+1 the consumer’s saving from non-capital income is

15



n+1 n+l

S.a=(1+9") B,—(1+g°) " PC, (34)

and from (33) and (34) the present value of his capital income received at the end of year n+1 is

r S V n n+1
Rn+1 = ( — + HZZZ) = r ajBO 1 w + 1 w
(1+ ra) 1+r 1+p 1+p
2 n-1
+(LJWOLO(1—tW+bW) 1+ 1 + 1 ot L
1+r® 1+ p" \1+p" 1+ p"

2 n+l
—(LJPCO /W iy IR G . (35)
1+r? 1+ p° 1+ p° 1+ p°

Equations (33) and (34) also imply that the wealth carried into year n+2 is

found to be

Voo = (140)(Spy Vo) = (L4 1) (L4 g") " By +(141%) (14 0")' B,
W, L, (1-t" +bw)[(l+ r"")n+2 +(1+ ra)n+1(1+ g")+(1+r7) (1+ gW)2 ot (14 rf")3 (1+ gw)n_l}
PG| (L) (L) L g ) (1) (L g ) et (L) (L g) | @9)

Proceeding in this manner, we find that the present value of capital income earned in year n+m of

the retirement stage is

r s V n n+l n+m
Rn+m = ( — +n+rr:1:T):( ' ajBO ( s w + : wj Tt - w
(1+ ra) 1+r 1+p 1+p 1+p
2 n-1
+(LJWOLO(1—tW+bW) 1+ 1 + ! ot L
1+r? 1+ p" \1+p" 1+ p"

2 n+m
—( r jPC0 1+ 1 + L +ot ! , (37)
1+r? 1+ p° 1+ )p° 1+ p°

where n+m<T —1. In the last year of life where the consumer has reached the age of T, no capital

income is earned since wealth is brought down to zero at the beginning of that year (recall that all
payments except interest take place at the start of the year). From (32), (35) and (37) it then follows
that the present value of the total capital income earned during retirement is

16



< r 1
PVRr:Zth( a]BO -
on 1+r 1+p

+ r B, ! + L
1+r? 1+ p" 1+ p"

+ r B, ! + L
1+r? 1+ p" 1+ p"
+ r B, ! — | + L —

1+r° 1+p 1+p

r w w
+(T +1—n)(m)WOL0 (1-t"+b ){u

a

1+r

e

1

1

+ +
1+ p°

|

1+ p°

(7]
+ Font
1+ p°

]Z

1 n+2
1+ p"
1 n+2 1 T-1
+ot
1+ p" 1+ p"

1 1Y
+ +.... 1
1+ p" (14 p"

)

1
1+p

w

(38)

1+ p"

i

Using formula (15) and the definition of H" stated in (16), we find that (38) can be written as

PVR" =(T +1—n)(

](1—tw+bW)HW

1+r®
+( ' j L jn B, T+1-n- M
1+r* )L 1+ p" 1—($) L+p"
(o) o) | iy oo
e () o) | ] |

Inserting the consumption function (16) in (39) and dividing through by H", we obtain

17



111.2 The present value of total capital income earned over the life cycle

The parameter 6°reflecting the timing of capital income relative to labour income over the life

cycle is defined as

_ PVR" +PVR'

6° 41
o (41)
Substituting the expressions in (30) and (40) into (41) and collecting terms, we end up with
o =( ' j (-t +b") X, +| — 2 |,
1+r (1+pW) -1
(42)
_[ r j(ﬁ}[l—tvwbv“r H ]XS,
1+r* )\ p° HY
where
X, =T+le—"1 1 43)
(1+p%) -1 #
w 1 T+1-n
X,=T-n+—L—+ , (44)
1+ p" 1+ p"

‘e pf (T +1)-1+( ;L )T | )

T+1-n
HY b [1—(1+;W) } )
H' (14 p")' -1

18



The term on the right-hand side of the first line in (42) reflects the contribution of the consumer’s
income from labour and transfers to his wealth accumulation, while the term in the second line
captures the negative impact of consumption on the accumulation of wealth. The result in (46)

follows from the definitions stated in (16).
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