
Lecture Notes in Economic Growth

Christian Groth

May 30, 2016



ii

c© Groth, Lecture notes in Economic Growth, (mimeo) 2016.



Contents

Preface ix

1 Introduction to economic growth 1
1.1 The field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Economic growth theory . . . . . . . . . . . . . . . . . 1
1.1.2 Some long-run data . . . . . . . . . . . . . . . . . . . . 3

1.2 Calculation of the average growth rate . . . . . . . . . . . . . 4
1.2.1 Discrete compounding . . . . . . . . . . . . . . . . . . 4
1.2.2 Continuous compounding . . . . . . . . . . . . . . . . 6
1.2.3 Doubling time . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Some stylized facts of economic growth . . . . . . . . . . . . . 7
1.3.1 The Kuznets facts . . . . . . . . . . . . . . . . . . . . 7
1.3.2 Kaldor’s stylized facts . . . . . . . . . . . . . . . . . . 9

1.4 Concepts of income convergence . . . . . . . . . . . . . . . . . 10
1.4.1 β convergence vs. σ convergence . . . . . . . . . . . . . 10
1.4.2 Measures of dispersion . . . . . . . . . . . . . . . . . . 12
1.4.3 Weighting by size of population . . . . . . . . . . . . . 13
1.4.4 Unconditional vs. conditional convergence . . . . . . . 14
1.4.5 A bird’s-eye view of the data . . . . . . . . . . . . . . . 15
1.4.6 Other convergence concepts . . . . . . . . . . . . . . . 17

1.5 Literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2 Review of technology and factor shares of income 23
2.1 The production technology . . . . . . . . . . . . . . . . . . . . 23

2.1.1 A neoclassical production function . . . . . . . . . . . 24
2.1.2 Returns to scale . . . . . . . . . . . . . . . . . . . . . . 27
2.1.3 Properties of the production function under CRS . . . 32

2.2 Technological change . . . . . . . . . . . . . . . . . . . . . . . 35
2.3 The concepts of representative firm and aggregate production

function* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.4 Long-run vs. short-run production functions* . . . . . . . . . 43

iii



iv CONTENTS

2.5 The neoclassical theory of factor income shares . . . . . . . . . 45
2.6 The elasticity of factor substitution* . . . . . . . . . . . . . . 48
2.7 The CES production function . . . . . . . . . . . . . . . . . . 50
2.8 Literature notes . . . . . . . . . . . . . . . . . . . . . . . . . . 56
2.9 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3 Continuous time analysis 59
3.1 The transition from discrete time to continuous time . . . . . 59

3.1.1 Multiple compounding per year . . . . . . . . . . . . . 59
3.1.2 Compound interest and discounting . . . . . . . . . . . 61

3.2 The allowed range for parameter values . . . . . . . . . . . . . 62
3.3 Stocks and flows . . . . . . . . . . . . . . . . . . . . . . . . . . 63
3.4 The choice between discrete and continuous time formulation . 65
3.5 Appendix A: Growth arithmetic in continuous time . . . . . . 66
3.6 Appendix B: Solution formulas for linear differential equations

of first order . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4 Skill-biased technical change. Balanced growth theorems 69
4.1 The rising skill premium . . . . . . . . . . . . . . . . . . . . . 70

4.1.1 Skill-biased technical change in the sense of Hicks: An
example . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.1.2 Capital-skill complementarity . . . . . . . . . . . . . . 71
4.2 Balanced growth and constancy of key ratios . . . . . . . . . . 72

4.2.1 The concepts of steady state and balanced growth . . . 73
4.2.2 A general result about balanced growth . . . . . . . . . 74

4.3 The crucial role of Harrod-neutrality . . . . . . . . . . . . . . 76
4.4 Harrod-neutrality and the functional income distribution . . . 80
4.5 What if technological change is embodied? . . . . . . . . . . . 82
4.6 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . 84
4.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5 Growth accounting and the concept of TFP: Some limita-
tions 87
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
5.2 TFP growth and TFP level . . . . . . . . . . . . . . . . . . . 87

5.2.1 TFP growth . . . . . . . . . . . . . . . . . . . . . . . . 89
5.2.2 The TFP level . . . . . . . . . . . . . . . . . . . . . . . 91
5.2.3 Accounting versus causality . . . . . . . . . . . . . . . 93

5.3 The case of Hicks-neutrality* . . . . . . . . . . . . . . . . . . 94
5.4 Absence of Hicks-neutrality* . . . . . . . . . . . . . . . . . . . 95
5.5 A warning regarding cross-country TFP growth comparisons . 97

c© Groth, Lecture notes in Economic Growth, (mimeo) 2016.



CONTENTS v

5.6 Summing up . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
5.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

6 Transitional dynamics. Barro-style growth regressions 103
6.1 Point of departure: the Solow model . . . . . . . . . . . . . . 103
6.2 Do poor countries tend to approach their steady state from

below? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
6.3 Within-country convergence speed and adjustment time . . . . 107

6.3.1 Convergence speed for k̃(t) . . . . . . . . . . . . . . . . 108
6.3.2 Convergence speed for log k̃(t)* . . . . . . . . . . . . . 110
6.3.3 Convergence speed for y(t)/y∗(t)* . . . . . . . . . . . . 110
6.3.4 Adjustment time . . . . . . . . . . . . . . . . . . . . . 112

6.4 Barro-style growth regressions* . . . . . . . . . . . . . . . . . 114
6.5 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

7 Why the Malthusian era must come to an end 119
7.1 The general model . . . . . . . . . . . . . . . . . . . . . . . . 119
7.2 Law of motion . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
7.3 The inevitable ending of the Malthusian regime when µ > 1 . 122
7.4 Closing remarks . . . . . . . . . . . . . . . . . . . . . . . . . . 124
7.5 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
7.6 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

8 Choice of social discount rate 127
8.1 Basic distinctions relating to discounting . . . . . . . . . . . . 128

8.1.1 The unit of account . . . . . . . . . . . . . . . . . . . . 128
8.1.2 The economic context . . . . . . . . . . . . . . . . . . 131

8.2 Criteria for choice of a social discount rate . . . . . . . . . . . 132
8.3 Optimal capital accumulation . . . . . . . . . . . . . . . . . . 135

8.3.1 The setting . . . . . . . . . . . . . . . . . . . . . . . . 135
8.3.2 First-order conditions and their economic interpretation 137
8.3.3 The social consumption discount rate . . . . . . . . . . 138

8.4 The climate change problem from an economic point of view . 142
8.4.1 Damage projections . . . . . . . . . . . . . . . . . . . . 142
8.4.2 Uncertainty, risk aversion, and the certainty-equivalent

loss . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
8.4.3 Comparing benefits and costs . . . . . . . . . . . . . . 147

8.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
8.6 Appendix: A closer look at Arrow’s estimate of the certainty

loss . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
8.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

c© Groth, Lecture notes in Economic Growth, (mimeo) 2016.



vi CONTENTS

9 Human capital, learning technology, and the Mincer equa-
tion 155
9.1 Macroeconomic approaches to human capital . . . . . . . . . . 155

9.1.1 Modelling human capital . . . . . . . . . . . . . . . . . 156
9.1.2 Human capital and the effi ciency of labor . . . . . . . . 157

9.2 A life-cycle perspective on human capital . . . . . . . . . . . . 160
9.3 Choosing length of education . . . . . . . . . . . . . . . . . . 164

9.3.1 Human wealth . . . . . . . . . . . . . . . . . . . . . . . 165
9.3.2 Financing education . . . . . . . . . . . . . . . . . . . 167
9.3.3 Maximizing human wealth . . . . . . . . . . . . . . . . 168

9.4 What the Mincer equation is and is not . . . . . . . . . . . . . 170
9.5 Empirics relating to h(S) . . . . . . . . . . . . . . . . . . . . . 175
9.6 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . 175
9.7 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
9.8 Literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

10 Human capital and knowledge creation in a growing econ-
omy 181
10.1 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
10.2 Productivity growth along a BGP with R&D . . . . . . . . . . 182

10.2.1 Balanced growth with R&D . . . . . . . . . . . . . . . 183
10.2.2 A precondition for sustained productivity growth when

gh̄ = 0: population growth . . . . . . . . . . . . . . . . 185
10.2.3 The concept of endogenous growth . . . . . . . . . . . 187

10.3 Permanent level effects . . . . . . . . . . . . . . . . . . . . . . 187
10.4 The case of no R&D . . . . . . . . . . . . . . . . . . . . . . . 188
10.5 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

10.5.1 The case n = 0 . . . . . . . . . . . . . . . . . . . . . . 189
10.5.2 The case of rising life expectancy . . . . . . . . . . . . 190

10.6 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . 192
10.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

11 AK and reduced-form AK models. Consumption taxation 195
11.1 General equilibrium dynamics in the simple AK model . . . . 195
11.2 Reduced-form AK models . . . . . . . . . . . . . . . . . . . . 198
11.3 On consumption taxation . . . . . . . . . . . . . . . . . . . . 200

12 Learning by investing: two versions 203
12.1 The common framework . . . . . . . . . . . . . . . . . . . . . 204

12.1.1 The individual firm . . . . . . . . . . . . . . . . . . . . 205
12.1.2 The household . . . . . . . . . . . . . . . . . . . . . . . 206

c© Groth, Lecture notes in Economic Growth, (mimeo) 2016.



CONTENTS vii

12.1.3 Equilibrium in factor markets . . . . . . . . . . . . . . 207
12.2 The arrow case: λ < 1 . . . . . . . . . . . . . . . . . . . . . . 207

12.2.1 Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . 208
12.2.2 Two types of endogenous growth . . . . . . . . . . . . 212

12.3 Romer’s limiting case: λ = 1, n = 0 . . . . . . . . . . . . . . . 213
12.3.1 Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . 214
12.3.2 Economic policy in the Romer case . . . . . . . . . . . 217

12.4 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

13 Perspectives on learning by doing and learning by investing225
13.1 Learning by doing, learning by using, learning by watching . . 225

13.1.1 The case: λ < 1 in (13.3) . . . . . . . . . . . . . . . . . 228
13.1.2 The case λ = 1 in (13.3) . . . . . . . . . . . . . . . . . 230

13.2 Disembodied learning by investing . . . . . . . . . . . . . . . . 231
13.2.1 The Arrow case: λ < 1 and n ≥ 0 . . . . . . . . . . . . 232
13.2.2 The Romer case: λ = 1 and n = 0 . . . . . . . . . . . . 232
13.2.3 The size of the learning parameter . . . . . . . . . . . 233

13.3 Disembodied vs. embodied technical change . . . . . . . . . . 236
13.3.1 Disembodied technical change . . . . . . . . . . . . . . 237
13.3.2 Embodied technical change . . . . . . . . . . . . . . . 237
13.3.3 Embodied technical change and learning by investing . 239

13.4 Static comparative advantage vs. dynamics of learning by doing*242
13.4.1 A simple two-sector learning-by-doing model . . . . . . 243
13.4.2 A more robust specification . . . . . . . . . . . . . . . 245
13.4.3 Resource curse? . . . . . . . . . . . . . . . . . . . . . . 246

13.5 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247
13.6 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249

14 The lab-equipment model 253
14.1 Overview of the economy . . . . . . . . . . . . . . . . . . . . . 254

14.1.1 The sectorial production functions . . . . . . . . . . . . 254
14.1.2 National income accounting . . . . . . . . . . . . . . . 257
14.1.3 The potential for sustained productivity growth . . . . 258

14.2 Households and the labor market . . . . . . . . . . . . . . . . 258
14.3 Firms’behavior . . . . . . . . . . . . . . . . . . . . . . . . . . 259

14.3.1 The competitive producers of basic goods . . . . . . . . 260
14.3.2 The monopolist suppliers of intermediate goods . . . . 260
14.3.3 R&D firms . . . . . . . . . . . . . . . . . . . . . . . . . 262
14.3.4 Equilibrium in the loan market . . . . . . . . . . . . . 266

14.4 General equilibrium of an economy satisfying (A1) . . . . . . . 268
14.4.1 The balanced growth path . . . . . . . . . . . . . . . . 269

c© Groth, Lecture notes in Economic Growth, (mimeo) 2016.



viii CONTENTS

14.4.2 Comparative analysis . . . . . . . . . . . . . . . . . . . 270

15 Stochastic erosion of innovators’monopoly power 273
15.1 The three production sectors . . . . . . . . . . . . . . . . . . . 274
15.2 Temporary monopoly . . . . . . . . . . . . . . . . . . . . . . . 275
15.3 The aggregate production function in equilibrium . . . . . . . 277
15.4 The no-arbitrage condition under uncertainty* . . . . . . . . . 278
15.5 The equilibrium rate of return when R&D is active . . . . . . 281
15.6 Transitional dynamics* . . . . . . . . . . . . . . . . . . . . . . 282
15.7 Long-run growth . . . . . . . . . . . . . . . . . . . . . . . . . 284
15.8 Economic policy . . . . . . . . . . . . . . . . . . . . . . . . . . 285
15.9 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 288
15.10References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289

16 Natural resources and economic growth 291
16.1 Classification of means of production . . . . . . . . . . . . . . 291
16.2 The notion of sustainable development . . . . . . . . . . . . . 293
16.3 Renewable resources . . . . . . . . . . . . . . . . . . . . . . . 296
16.4 Non-renewable resources: The DHSS model . . . . . . . . . . 301

16.4.1 Input substitution . . . . . . . . . . . . . . . . . . . . 302
16.4.2 Technical progress . . . . . . . . . . . . . . . . . . . . 304
16.4.3 Increasing returns to scale . . . . . . . . . . . . . . . . 307
16.4.4 Summary on the DHSS model . . . . . . . . . . . . . 307
16.4.5 An extended DHSS model . . . . . . . . . . . . . . . . 308

16.5 A two-sector R&D-based model . . . . . . . . . . . . . . . . . 309
16.5.1 The model . . . . . . . . . . . . . . . . . . . . . . . . . 309
16.5.2 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 310

16.6 Natural resources and the issue of limits to economic growth . 318
16.7 Bibliographic notes concerning Section 16.5 . . . . . . . . . . . 319
16.8 Appendix: Balanced growth with an essential non-renewable

resource . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 320
16.9 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 323

c© Groth, Lecture notes in Economic Growth, (mimeo) 2016.




