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Final goods sector
Firm is technology

Yi = AL1−αi

NX
j

xαij

assume for a moment xij = xi⇒ Yi = AL1−αi xαi N. Observe

1. CRTS in N = # int. goods = # "ideas". N↑ could be thought to
capture specialization.

2. Increasing x would not allow for perpetual growth. Diminishing

returns

3. CRTS in x and L (rival inputs)
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Final goods sector (Cont’ned)
The max problem is to choosen©

xji
ªN
j=1 , Li

o
= argmaxAL1−αi

NX
j

xαij − wLi −
NX

pjxij

FOC

(1− α)
Yi
Li
= w

αAL1−αi xα−1ij = pj for all j

Notice the demand for the jth intermediate good is the same across all

i. So aggregate demand for jthe intermediate good

xdj =
X
i

xij =
Xµ

αA

pj

¶ 1
1−α

Li =

µ
αA

pj

¶ 1
1−αX

i

Li| {z }
=L
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Intermediate good sector
Use 1 unit of output to produce 1 unit of the intermediate good

max
pj,xj

¡
pj − 1

¢
xj

s.t αAL1−αxα−1j = pj.

Total revenue:

pjxj = αAL1−αxαj
So

MR = α2AL1−αxα−1j =MC = 1

Hence, optimal quantity

xj = α
2
1−αA

1
1−αL = x̄ for all j
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Intermediate good sector (Cont’ned)
Monopoly price (substitute into demand curve)

pj = αAL1−α
³
α

2
1−αA

1
1−αL

´α−1
= α−1 = p̄ for all j.

Observe p > MC, so α basically paramterizes the mark-up.

Profits:

πj =
¡
pj − 1

¢
xj =

µ
1

α
− 1
¶
x̄ = π̄

Finally, total value of a patent

V (t) =

Z ∞
t

π̄e−
R v
t rτdτdv
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R&D sector
Aggregate production technology

Ṅ = Y R/η

or: using 1 unit of output creates 1/η ideas.

Now, we could define σRY = Y R. Then we have

Ṅ = [σR/η]Y

which is basically a "MRW" assumption; now for R&D. “Lab equip-

ment" approach. Also, note that given symmetrical equilibrium:

Ṅ = [σR/η]Y = [σR/η]AL
1−αNx̄α.

Another way to think about the assumption: R&D uses σR fraction of

economy’s resources (L,x)
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R&D sector (cont’ned)
To produce 1 idea, use η units of output.

Value of 1 idea: V (t) .

For equilibrium V (t) = η. (suppose otherwise)

Given this

η = V (t) =

Z ∞
t

π̄e−
R v
t rτdτdv

which implies rτ = r. Thus (solving the integral)
π̄

η
= r,

the equilibrium return. Complete solution for the real rate of interest

r =
π̄

η
=
1− α

αη
α

2
1−αA

1
1−αL.
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Households

max

Z ∞
0

c1−θt

1− θ
Le−ρt

s.t.

c (t) ≥ 0,
ḃ = rb + w − c, b0 given,

lim
t→∞ bte

−rt ≥ 0.
Standard problem, leads to the FOC

ċ/c =
1

θ
(r − ρ) , lim

t→∞ btλt = 0
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Equilibrium
First, note that we can aggregate so as to get GDP

Yi = AL1−αi

NX
j

xαij =
sym. eq

AL1−αi Nx̄αi

= A

µ
Li
x̄i

¶−α
NLi

since all firms face same factor prices w, pj and use the same technology³
Li
x̄i

´−α
is the same

Y =
X
i

Yi = A

µ
Li
x̄i

¶−α
N
X

Li = Ax̄αNL1−α

Note: “AK model". No transitional dynamics + balanced growth.
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Equilibrium
The Keynes-Ramsey rule pins down the growth rate then

γ =
1

θ
(r − ρ) =

1

θ

µ
π̄

η
− ρ

¶
=
1

θ

µ
1

η

1− α

α
x̄− ρ

¶
where x̄ = α

2
1−αA

1
1−αL.

Hence, at any given point in time, income per capita

Y/L = Ax̄αL−αN
= A

³
α

2
1−αA

1
1−αL

´α
L−αN

Y/L = A
1
1−αα

2α
1−αN (0) eγt

Observations: (1) η ↑⇒ γ ↓ . (2) L ↑⇒ γ ↑ .
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Planner problem

max

Z ∞
0

c1−θt

1− θ
Le−ρt

s.t.

c (t) ≥ 0, x ≥ 0
the resource constraint

Y = cL +Nx + ηṄ ⇔ Ṅ =
1

η
[Y − cL−Nx]

aggregate production function

Y = AL1−αxαN

N ≥ 0 for all t.
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Planner problem (cont’ned)
Hamiltonian:

H (c, x,N, λ, t) =
c1−θt

1− θ
Le−ρt + λ

1

η
[Y − cL−Nx]

c : c−θLe−ρt = λ

η
L

x :
λ

η

·
∂Y

∂x
−N

¸
= 0

N : λ
1

η

·
∂Y

∂N
− x

¸
= −λ̇

+TVC. As usual, we can use FOC wrt c,N to derive the K-R rule

ċ

c
=
1

θ

·
1

η

µ
Y

N
− x

¶
− ρ

¸
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Planner problem (cont’ned)
From the FOC wrt x : ∂Y∂x −N = 0, or

∂Y

∂x
= α

Y

x
= N ⇔ Y

N
=

x

α
inserted into the K-R ruleµ

ċ

c

¶sp
=
1

θ

·
1

η

µ
1− α

α

¶
xsp − ρ

¸
structurally identical to the decentralized solution; x’s level will differ

however.

Use the production function
Y

N
= AL1−αxα = AL1−α

µ
α
Y

N

¶α
⇔ Y

N
= A

1
1−αα

α
1−αL

Finally, by Y
N = x

α

xsp = αA
1
1−αα

α
1−αL = A

1
1−αα

1
1−αL
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Planner problem (cont’ned)
The full solution

γsp =
1

θ

·
1

η

µ
1− α

α

¶
xsp − ρ

¸
where xsp = A

1
1−αα

1
1−αL. Output

(Y/L)sp = A (xsp)α L−αN = A
³
A

1
1−αα

1
1−αL

´α
L−αN

= A
1
1−αα

α
1−αN

the market solution

γm =
1

θ

µ
1

η

1− α

α
x̄− ρ

¶
where x̄ = A

1
1−αα

2
1−αL,

(Y/L)m = A
1
1−αα2·

α
1−αN
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Planner problem (cont’ned): Comparison
Key thing to notice: xsp · α1/(1−α) = x̄.

So, since

rm =
1− α

α

x̄

η
it follows that rm < rsp, and therefore γm < γsp. In addition: the level

is off as well.

1. Static monopoly distortion: To few intermediate goods are produced,

x̄ < xsp. Level of output too low.

2. Also implies too low a real rate of return; dynamic distortion.
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Policy
Key thing to fix: x̄ = xsp. This will ensure both static and dynamic

efficiency since x̄ = xsp ⇒ rm = rsp, γm = γsp and in additon

(Y/L)sp = (Y/L)m .

EX: subsidies final goods production.
Modified profit maximization problemn©
xji
ªN
j=1 , Li

o
= argmax (1 + τ )AL1−αi

NX
j

xαij − wLi −
NX

pjxij

where τ is the subsidy. Demand for good j

(1 + τ )αxα−1ij AL1−αi = pj.

As before, all firms face same demand, so aggregate demand:

(1 + τ )αxα−1j AL1−α = pj.
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Policy
Consider intermediate goods. Total revenue

(1 + τ )αxαj AL
1−α = pjxj

Marginal revenue = marginal cost (optimal quantity)

MR = (1 + τ )α2xα−1j AL1−α =MC = 1

thus

xj = x̄ =
³
α2 (1 + τ )

´ 1
1−α

A
1
1−αL.

So x̄ = xsp = A
1
1−αα

1
1−αL obviously require

α2 (1 + τ ) = α⇒ τ =
1− α

α
,

finance by lump sum taxes.

Alternative: Subsidize purchases of xj : (1 + τ )AL1−αi

PN
j xαij −

wLi − (1− τ )
PN pjxij. Here you’ll find τ = (1− α) .
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A Policy which doesn’t work
R&D subsidy. Imagine you subsidize R&D outlays. So, in order to

produce 1 idea, now requires (1− τ ) η units of output. This means

rm =
π̄

η (1− τ )
=

µ
1− α

α

¶
x̄

η (1− τ )
,

where x̄ = α
2
1−αA

1
1−αL. Clearly, we can choose τ such that rm = rsp =

1
η

³
1−α
α

´
A

1
1−αα

1
1−αL.

But, the monopoly distortion is still there x̄ < xsp.

As a result: (Y/L)m < (Y/L)sp . R&D subsidies fix the dynamic

inefficiency, but not the static monopoly distortion.
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